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We study the problem of determining the photon number statistics of an unknown quantum state
for a single-mode electromagnetic field using conjugate optical homodyne detection. By defining an
observable Z as a sum of squared outputs of two homodyne detectors, we show that the photon
number statistics can be recovered in repeated measurements of Z on an ensemble of identical
input states without controlling the phase of an input signal or randomizing the phase of a local
oscillator. We demonstrate how the expectation maximization algorithm and Bayesian inference
can be utilized to facilitate the reconstruction. We also compare the performance of our detection
method to a commonly used single photon detector in the case of a single-shot measurement. We
illustrate our approach by conducting experiments to study the photon number distribution of a
weak coherent and a thermal state source. a
PACS numbers: 42.50.-P; 42.50.Ar
I. INTRODUCTION
Single photon detector (SPD) is a workhorse of mod-
ern quantum optics experiments. It is commonly used to
determine the number of photons in a given light pulse
[1] in a single-shot measurement scenario. However, to-
day’s SPDs are expensive and have a limited photon num-
ber resolving ability. Alternatively, given a large ensem-
ble of identical input states, optical homodyne detection
(OHD) can be used to completely reconstruct the quan-
tum state of the ensemble, including the photon number
statistics. This method is known as the optical homo-
dyne tomography [2, 3].
In OHD, a strong local oscillator (LO) is mixed with
a very weak input signal at a beam splitter. The out-
puts of the beam splitter are strong enough to be de-
tected by low cost, highly efficient photo-diodes working
at room temperature. This makes OHD an appealing
solution in practice. Note, the LO in OHD also func-
tions as a mode selector: only the signals in the same
spatiotemporal mode as the LO will be detected. This
can be advantageous in certain applications such as, for
example, quantum key distribution (QKD) [4–7], where
the mode selecting function allows us to effectively sup-
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press broadband background noise originating from the
communication channel [8–10].
Given the LO is sufficiently strong, a DC-balanced ho-
modyne detector measures quadrature Xθ of the input
signal, where θ is the phase of the LO [11, 12]. To re-
construct the full quantum state, repeated measurements
are required for all values of θ ∈ [0, 2pi]. Obviously, a cru-
cial requirement for such a reconstruction scheme is that
the phase of the input state is well known. However,
in many applications, this requirement can not be easily
satisfied. For example, in QKD, the signal measured at
the receiver typically comes from a channel controlled by
an adversary. In this case, we cannot make any assump-
tions about its phase. Fortunately, it has been shown
that the photon number statistics of an input state with
an unknown phase can still be fully recovered by using
either one or two optical homodyne detectors, given the
phase of the LO is uniformly randomized [13–16]. The
phase randomization process can be implemented by us-
ing a phase modulator driven by a random pattern, as
demonstrated in [17].
In this paper, we further develop the double homodyne
detection scheme [16] and remove the requirement of LO
phase randomization, thus simplifying its implementa-
tion. The basic idea is to define a new measurement
observable Z as a sum of the squared outputs of the two
homodyne detectors. In classical electrodynamics, the
outputs of two conjugate homodyne detectors can be de-
fined as the in-phase and out-of-phase components of an
electromagnetic wave, so the observable Z defined above
is proportional to the intensity (or the photon number) of
the input signal. In quantum mechanics, canonically con-
jugate quadrature components of quantum optical fields
do not commute with each other and, thus, they can-
not be determined simultaneously and noiselessly due
to Heisenberg’s uncertainty principle. Nevertheless, a
single-shot measurement of Z can still provide a partial
information about the photon number of the input state.
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FIG. 1: Characterizing photon number statistics using
conjugate optical homodyne detection. BS: symmetric
beam spliter; PD: photo detector; LO: local oscillator.
By repeating the Z measurement on a large ensemble
of identical states, the photon number statistics can be
determined.
This paper is organized as follows: in Sec.II, we present
theoretical analysis of the proposed scheme. In Sec.III,
we present experimental results based on a weak coherent
source and a thermal source. Finally, we conclude this
paper with a brief discussion in Sec.IV.
II. THEORY
In this Section, we assume perfect homodyne detectors
with unity efficiency. We will discuss the case of non-
unity detection efficiency in Sec.III.
A. Conjugate homodyne detection
The basic setup of a conjugate homodyne detection
system is shown in Fig.1. An unknown quantum state
|ψ〉 is split by a symmetric beam splitter (BS1 in Fig.1).
One output state of the beam splitter (output 3 in Fig.1 )
is measured by an optical homodyne detector with a local
oscillator (LO) phase θ; the other output state (output
4 in Fig.1) is measured by an optical homodyne detector
with an LO phase θ+pi/2. The common phase θ is defined
using the phase of the input state as a reference. Pro-
vided that the input state has an unknown phase which
may change from pulse to pulse, we have no control of
θ (i.e. θ is a random variable with an unknown distri-
bution). On the other hand, since the two LOs can be
generated from the same laser, the pi/2 phase difference
between them can be well controlled.
Given the LOs are sufficiently strong, the outputs of
the two homodyne detectors are quadrature components
of mode 3 (x3,θ) and mode 4 (x4,θ+pi/2). For simplicity,
we use x3 and p4 to represent x3,θ and x4,θ+pi/2 in the
rest of the paper.
We define a new parameter z as
z = x23 + p
2
4 (1)
as an estimate of the photon number of the input state
|ψ〉. Intuitively, z is proportional to the intensity of the
input light in classical electrodynamics. So, we expect a
single measurement of z will provide some photon num-
ber information.
In quantum optics, the measurement processes of the
two homodyne detectors are represented by operators Xˆ3
and Pˆ4, which are defined in terms of photon annihilation
operator aˆ and photon creation operator aˆ+ as
Xˆ3 =
1√
2
[
aˆ+3 exp(iθ) + aˆ3 exp(−iθ)
]
, (2)
Pˆ4 =
i√
2
[
aˆ+4 exp(iθ)− aˆ4 exp(−iθ)
]
. (3)
We define an operator Zˆ corresponding to z as
Zˆ = Xˆ23 + Pˆ
2
4 . (4)
Using the transformation relations of a symmetric
beam splitter [18]
aˆ3 =
1√
2
(aˆ1 + aˆ2), (5)
aˆ4 =
1√
2
(aˆ1 − aˆ2), (6)
and the commutation relation
[aˆj , aˆj
+] = 1, (7)
(where j=1,2,3,4), it can be shown that
Zˆ = nˆ1 + nˆ2 + aˆ
+
1 aˆ
+
2 e
i2θ + aˆ1aˆ2e
−i2θ + 1 (8)
where nˆ1 = aˆ
+
1 aˆ1 and nˆ2 = aˆ
+
2 aˆ2 are photon number
operators of mode 1 and 2. Obviously, Zˆ is a Hermitian
operator. Thus, it is a valid observable.
Expectation value of Zˆ
As shown in Fig.1, the joint input state of mode 1 and
2 is given by |ψ102〉. From Eq.(8), the expectation value
of Zˆ can be determined to be
〈Zˆ〉 = 〈ψ102|Zˆ|ψ102〉 = 〈n1〉+ 1, (9)
where 〈n1〉 is the expected photon number of the input
quantum state. The constant 1 on the RHS of Eq.(9) can
be interpreted as the vacuum noise contribution from the
3first beam splitter [19]. Eq.(9) shows that the average
photon number of the input state can be estimated by
subtracting 1 from the mean value of the measured z.
Variance of Zˆ
The variance of Zˆ is given by
〈∆Z2〉 = 〈(Zˆ − 〈Zˆ〉)2〉 = 〈Zˆ2〉 − 〈Zˆ〉2. (10)
From Eq.(8), it is straightforward to show
〈Zˆ2〉 = 〈nˆ21〉+ 3〈nˆ1〉+ 2. (11)
Using Eq.(9)-Eq.(11), we obtain
〈∆Z2〉 = 〈∆n21〉+ 〈n1〉+ 1, (12)
where 〈∆n21〉 = 〈nˆ21〉 − 〈n1〉2 is the variance of photon
number distribution of the input state. Clearly, the ad-
ditional noise of the proposed scheme is 〈n1〉+ 1.
Second-order correlation function g(2)(0)
The single-time second-order correlation function
g(2)(0) is an important parameter to characterize a pho-
ton source [20]. In the case of a single homodyne detec-
tor with a phase randomized LO, it has been shown that
g(2)(0) can be determined from the measurement statis-
tics [21]. Here, we show that g(2)(0) can be conveniently
calculated from the statistics of Z measurement.
As defined in [20]
g(2)(0) =
〈aˆ+1 aˆ+1 aˆ1aˆ1〉
〈aˆ+1 aˆ1〉2
. (13)
Using Eq.(7), the numerator on the RHS of Eq.(13)
can be written as 〈aˆ+1 aˆ+1 aˆ1aˆ1〉 = 〈aˆ+1 aˆ1aˆ+1 aˆ1 − aˆ+1 aˆ1〉 =
〈nˆ21〉 − 〈nˆ1〉. Using Eq.(9) and Eq.(11), we have
〈aˆ+1 aˆ+1 aˆ1aˆ1〉 = 〈Zˆ2〉 − 4〈Zˆ〉+ 2. (14)
From Eq.(9), the denominator on the RHS of Eq.(13)
is simply (〈Zˆ〉 − 1)2. Finally, we have
g(2)(0) =
〈Zˆ2〉 − 4〈Zˆ〉+ 2
(〈Zˆ〉 − 1)2 . (15)
Probability distribution of Zˆ
Now we determine the probability distribution PZ(z)
given an arbitrary input state described by the density
matrix ρ.
The joint probability distribution of quadrature com-
ponents x3 and p4 has been derived in [16] as
PX3,P4(x3, p4) =
1
pi
∞∑
m,n=0
ρmn
exp [i(n−m)θ]
(m!n!)1/2
× (x3 − ip4)m(x3 + ip4)n exp
[−(x23 + p24)] . (16)
The data pair (x3, p4) can be interpreted as the Carte-
sian coordinates of a point, which relates to the Polar
Coordinates (r, φ) by x3 = r cosφ and p4 = r sinφ. The
marginal distribution of r is given by
PR(r) =
∫ 2pi
0
PX3,P4(r cosφ, r sinφ)dφ. (17)
Note the term (x3 − ip4)m(x3 + ip4)n on the RHS of
Eq.(16) is transformed into r2 exp[i(n−m)φ] in the Polar
Coordinates. Obviously, only terms with n = m have
non-zero contribution in (17). It is straightforward to
show
PR(r) = 2 exp(−r2)
∞∑
n=0
ρnn
n!
r2n+1. (18)
Since the measured observable z = r2, the probability
distribution PZ(z) can be determined from Eq.(18) as
PZ(z) = exp(−z)
∞∑
n=0
ρnn
n!
zn. (19)
Eq.(19) is the main result of this paper, which gives the
relation between the probability distribution of the mea-
sured observable z and the photon number distribution
ρnn of the input state. Given a large number of iden-
tical copies of the input state, the photon number dis-
tribution can be retrieved from the measurement results
precisely. Note PZ(z) is only dependent on the diagonal
terms of the input state, a feature we would expect from
a “phase-insensitive” photon detector. Experimentally,
Eq.(19) implies that the photon number statistics can
be determined without controlling (or randomizing) the
phase of the LO.
Next, we will conduct numerical simulations to quan-
tify the performance of the proposed scheme in different
applications.
B. Single-shot measurement
Can we use the proposed measurement scheme to de-
termine the photon number of the input state in a single-
shot measurement?
Given the input state is a Fock state ρ = |n〉〈n|, the
likelihood of a measurement output of z can be deter-
mined from (19) as
PZ(z|n) = exp(−z)z
n
n!
. (20)
Using Bayes’ rule the likelihood of n given the mea-
surement output z is
PZ(n|z) = PZ(z|n)P (n)
P (z)
= exp(−z)z
n
n!
, (21)
where we have assumed that the prior P (n) is a uniform
distribution for n=0,1,2...
The distribution in Eq.(21) is the Poisson distribution,
which quantifies the uncertainty of the photon number n
4after a single measurement of z. This shows that our
measurement scheme is intrinsically noisy. The measure-
ment variance can be determined from Eq.(21) as
σ = 〈∆n2〉 = z. (22)
Next, we evaluate the performance of the proposed
scheme as a threshold SPD which discriminates vacuum
state from other Fock states. The discrimination strategy
is to choose a threshold value T ∈ [0,∞). The detector
reports a detection event only when the measurement
result z is larger than T .
Two important parameters of a threshold SPD are de-
tection efficiency and dark count probability. The detec-
tion efficiency η is defined as the conditional probability
that the detector reports a click given the input is a sin-
gle photon Fock state. The dark count probability D is
defined as the conditional probability that the detector
reports a click given the input is vacuum state. From
Eq.(20), these two parameters can be determined by
η =
∫ ∞
T
PZ(z|1)dz (23)
D =
∫ ∞
T
PZ(z|0)dz (24)
Fig.2 shows the simulation results of η and D as a
function of the threshold value T . By choosing the right
threshold value, we can either achieve a high detection
efficiency or a low dark count. Unfortunately, we cannot
have both at the same time. Similar conclusions had been
drawn in previous studies based on the single homodyne
detection scheme [22]. In Fig.2, we also present the ratio
R = η/D, which is an important figure of merit in appli-
cations like QKD. A state-of-the-art SPD can provide a
R-value as high as 108 [1]. In comparison, the R-vale of
the proposed scheme is less than 10 in the region with a
reasonable detection efficiency.
In a brief summary, while the conjugate homodyne de-
tection scheme can provide some photon number infor-
mation of the input state in a single-shot measurement,
its performance is inferior to a state-of-the-art SPD.
C. Repeated measurements
Given a sequence of M independent measurements of
Z, denoted as {zi} = z1, . . . , zM , we would like to in-
fer the underlying photon number statistics given by
the distribution p(n) = ρnn for n = 0, 1, . . . , Nmax.
The observed data statistics can be described in terms
of a mixture model of Nmax + 1 gamma distributions
Gamma(n + 1, 1) with mixing coefficients given by the
photon number distribution p(n). In this model the con-
ditional probability of observing an outcome Zk = zk
given the mixture component p(nk) reads,
p(Zk = zk|{p(nk)}, nk) = p(nk)exp(−zk)z
nk
k
nk!
. (25)
 
FIG. 2: (Color Online) Simulation results of detection
efficiency η (Dash-dot line), dark count probability D
(Dashed line), and the ratio R = η/D (Solid line).
The complete data likelihood function Lc for the entire
measurement sequence can be written as,
Lc =
M∏
k=1
p(Zk = zk|{p(n)}, nk). (26)
Here, p(n), n = 0, · · · , Nmax are the unknown parameters
(Fock state probabilities) we wish to infer and n1, . . . , nM
are random variables, each in range [0, Nmax], that de-
termine which mixture component ni ∈ [0, Nmax] has
generated an outcome zi. Have we known the values of
n1, . . . , nM then we could use the maximum-likelihood
estimation (MLE) based on Lc to infer the most likely
values of the parameters p(n). Unfortunately the vari-
ables ni, i = 1,M are unobserved (latent). Therefore, in
order to use MLE we first need to marginalize the com-
plete data likelihood Lc over the latent variables. The
resulting marginal likelihood of the observed data reads,
L =
M∏
k=1
Nmax∑
nk=0
p(Zk = zk|{p(n)}, nk), (27)
where we used the following convention,
M∏
k=1
Nmax∑
nk=0
=
Nmax∑
n1=0
· · ·
Nmax∑
nM=0
. (28)
In principle one now can try and maximize the func-
tion L with respect to parameters p(n), but in practice
the complexity of this task will grow exponentially with
the number of measurements M . Fortunately, there is
a way to determine the maximum of logL that avoids
explicit maximization of L. This method is widely used
5for inference in mixture models and is called expectation-
maximization (EM) algorithm [23]. Applicability of EM
in the context of homodyne measurement of photon
statistics has been advocated previously [24]. EM is
an iterative procedure that uses the expected value of
the complete data likelihood Lc with respect to the
latent random variables n1, . . . , nM as a maximization
objective function for determining pt(n) – the t-th
iteration estimate of the parameters p(n). Here, is how
it works:
First, set initial estimates of the parameters p0(n)
to some values. We chose a uniform prior
p0(n) =
1
Nmax + 1
as it is uninformative and easy to implement. Due to the
multimodality of Eq. (27) the choice of prior will bias the
EM reconstruction given below. It is an open problem to
identify the best prior for this application1. Next, repeat
the following steps until convergence criteria are satisfied.
• At the t-th iteration, update probabilities
p(nk|zk, {pt(n)}) for all latent variables n1, . . . , nM
using Bayes rule with pt(n) as a prior,
p(nk|zk, {pt(n)}) = p(Zk=zk|{p
t(n)},nk)
Nmax∑
nk=0
p(Zk=zk|{pt(n)},nk)
• Calculate the expected value of the complete data
log likelihood with respect to the updated distribu-
tion p(nk|zk, {pt(n)}),
Q({p(n)}|{pt(n)}) = E{nk}|{zk},{pt(n)}[logLc] =
M∑
k=1
Nmax∑
j=0
p(j|zk, {pt(n)}) log[p(Zk = zk|{p(n)}, j)]
• Find parameter values {pmax(n)} that maximize
Q({p(n)}|{pt(n)}) and set the next iteration esti-
mates of photon number probabilities {pt+1(n)} =
{pmax(n)}. Note that the values of {pmax(n)} can
be calculated analytically,
pt+1(n) = 1M
M∑
j=1
p(n|zj , {pt(n)}).
It can be shown [23] that iterative maximization of
Q({p(n)}|{pt(n)}) also results in the maximization of
the marginal likelihood L in Eq.(27). Therefore, after
a sufficient number of iterations ts our MLE estimator of
the photon number statistics is given by the distribution
{pts(n)}.
1 In principal, one can choose any set of positive real numbers such
that
Nmax∑
n=0
p0(n) = 1.
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FIG. 3: (Color Online) EM reconstruction of photon
number statistics from a sequence of simulated
homodyne measurements for a coherent state. The blue
histogram bars represent a true photon distribution.
The gray histogram bars correspond to a distribution
reconstructed by using the EM algorithm.
To illustrate our EM-based photon number statistics
inference scheme we applied it to a sequence of 32768
simulated homodyne measurement outcomes for a co-
herent state ρ = |α〉〈α| with the mean photon number
|α|2 = 5. To reconstruct the photon number statistics
from the simulated measurement data, we have selected
a mixture model with Nmax = 20 (21-component model).
The results of EM reconstruction (after 9 iterations) are
plotted on Fig.(3) and demonstrate a good quantitative
agreement with the true state.
III. EXPERIMENTS
We apply the theory developed in Sec.II in experiments
to reconstruct photon number distributions of a weak
coherent state and a thermal state.
A. Detector efficiency
In Sec.II, we have assumed perfect homodyne detectors
with unity efficiency. Here we consider practical detector
with non-unity detection efficiency. It is well known that
a realistic photo-detector with efficiency η can be mod-
eled by placing a virtual beam splitter (with a transmit-
tance of η) in front of an ideal detector [25]. By assum-
ing the four photo-detectors have identical efficiency, we
can model the conjugate homodyne detection using the
setup shown in Fig.4(a). In Appendix A we will show
that given the LOs are strong enough, Fig.4(a) is equiva-
lent to Fig.4(b), where the four virtual beam splitters in
front of the photo-detectors are replaced by a common
virtual beam splitter (with the same transmittance) at
6the input path of the first beam splitter. This is very
convenient in practice since we can apply the theory in
Sect. II directly to the experimental results by assuming
the photo-detectors are ideal. The photon number dis-
tribution reconstructed this way is related to that of the
input state by the Bernoulli transformation [26]. By fur-
ther applying the inverse Bernoulli transformation, the
photon number distribution of the input state can be de-
termined.
In our experiments, either a weak coherent source or a
thermal source is employed as the input. In this case, the
state after the virtual beam splitter in Fig.4(b) is still a
coherent state (or a thermal state) with a reduced average
photon number. We simply redefine the state after the
virtual beam splitter as the input state and compare its
photon number distribution with the one reconstructed
experimentally.
B. Experimental setup
The experimental setup is shown in Fig.5. A contin-
uous wave (CW) laser at telecom wavelength (Clarity-
NLL-1542-HP from Wavelength Reference) is employed
as the LO. The conjugate optical homodyne detection
system is constructed by a commercial 90o optical hy-
brid (Optoplex) and two 350 MHz balanced amplified
photodetectors (Thorlabs). The 90o optical hybrid is es-
sentially a six-port interferometer with four beam split-
ters inside: three as shown in Fig.1 and another one for
generating two conjugate LOs from a common one. It is a
passive device featuring a compact design and no temper-
ature control is required for phase stabilization. Variable
optical attenuators are used to balance the detection effi-
ciency of different channels and control the average pho-
ton number of the input state. The outputs of the two
balanced photodetectors are sampled by a two-channel
data acquisition board (Texas Instruments).
C. Experimental results
For simplicity, both the LO laser and the photon source
under test are operated in a CW mode. In the first ex-
periment, a heavily attenuated laser source is used to
provide a weak coherent state input. By adjusting the
variable optical attenuator, the average photon number
within one sampling window has been set to 5 (after cor-
rection of detection efficiency). In the second experi-
ment, an amplified spontaneous emission (ASE) source
is used to provide a thermal state input (with an average
photon number of 15.3). Note, while the output of the
ASE source contains multiple modes, the homodyne de-
tector selectively measures the one matched with the LO
mode. Limited by the memory size of the data acquisi-
tion board, 32728 quadrature pairs are sampled in each
measurement.
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FIG. 4: Models of realistic photo-detector with
detection efficiency η. (a) The actual setup. (b) An
equivalent model of (a). See details in Appendix A.
Using Eq.(1), we calculate the parameter z from the
quadrature measurement results. Using Eq.(15), we de-
termined the g(2)(0) factors of the two sources to be 1.11
(weak coherent source) and 1.94 (thermal source) cor-
respondingly. The deviation from the ideal values of 1
(coherent state) and 2 (thermal state) are likely due to
the detector noise and imperfection of source.
Next we apply the EM algorithm described in details
in Section II C to the experimental data in order to re-
construct the photon number statistics of various light
sources. In Fig. 6 we plot reconstruction results for a
weak coherent state. The blue bars represent the photon
number statistic of a coherent state |α〉 with the mean
number of photons |α|2 = 5, assuming noiseless detec-
tors. The red bars correspond to the numerically synthe-
sized data from the coherent state |α〉 with added Gaus-
7 
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Optical 
Hybrid 
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LO 
Att 
Att 
FIG. 5: Experimental setup. S-photon source under
test; LO-local oscillator; PC-polarization controller;
Att-variable optical attenuator; ADC-data acquisition
board.
sian noise which mimics the effect of noisy photo detec-
tors. We assume that the noise has zero mean and vari-
ances σ2X3 = 0.21, σ
2
P4
= 0.16 for the quadratures X3 and
P4 respectively which are the actual values measured in
our experiments. The green bars depict the photon num-
ber statistics obtained from raw experimental data by
using the EM algorithm. We note that the red and green
histograms look remarkably similar which implies that
experimental data come from a coherent state affected by
the detector noise. In Fig. 7 we depict EM reconstruction
results for a thermal state with the mean photon number
n¯th = 15.3. The black bars represent the photon number
statistics of a thermal state with n¯th = 15.3. The red bar
are EM reconstruction results using numerically simu-
lated quadrature measurement data with added detector
noise. Like in the case of the coherent state, we assume
that the detector noise is Gaussian with zero mean and
variances σ2X3 = 0.21, σ
2
P4
= 0.16. Finally, the blue bars
correspond to EM reconstruction of actual experimen-
tal data. We notice that for the thermal state the three
distributions are very close visually. This is because the
detector noise is much smaller than the mean number of
photons in the state. Therefore, the noise effects are not
as pronounced as in the case on a weak coherent state in
Fig. 6.
IV. DISCUSSION
Classically, the intensity of a single-mode light pulse
can be determined by measuring two conjugate quadra-
tures simultaneously. Quantum mechanically, the above
measurement process is intrinsically noisy. In this pa-
per, we develop theoretical tools to reconstruct photon
number statistics of a single-mode quantum state by per-
forming conjugate homodyne detection. Comparing with
previous studies based on single homodyne detection,
no LO phase randomization is required in our scheme.
This simplifies its implementation. We further apply the
above theoretical results to determine the photon number
statistic of a weak coherent state and a thermal state.
We acknowledge helpful comments from Ryan S. Ben-
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FIG. 6: (Color Online) Histograms of the reconstructed
photon number distributions for a coherent state |α〉: a)
Photon number statistics for |α|2 = 5 (blue) b)
Simulated measurement for |α|2 = 5 data with added
detector noise (red) c) Experimental data (green).
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FIG. 7: (Color Online) Histograms of the reconstructed
photon number distributions for a thermal state with
the mean photon number = 15.3: a) Simulated
measurement data with added detector noise (red) b)
Reconstruction results for experimental data (blue) c)
Thermal distribution with the mean photon number
= 15.3 (black).
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FIG. 8: Two equivalent models. (a) A symmetric beam
splitter followed by two virtual beam splitters. (b) A
virtual beam splitter placed in front of the symmetric
beam splitter.
Appendix A: Detector efficiency in the conjugate
homodyne scheme
In this Appendix, we will show that given the LOs are
strong enough, the setup shown in Fig.4(a) is equivalent
to that in Fig.4(b), where the four virtual beam splitters
in front of the photo-detectors are replaced by a common
virtual beam splitter (with the same transmittance) at
the input path of the first beam splitter.
Given the LO is strong enough, a single DC-balanced
homodyne detector using two realistic (non-unity effi-
ciency) and identical photo-detectors can be modeled by
the one with ideal photo-detectors by placing a virtual
beam splitter at the signal input [27]. This allows us to
replace the four virtual beam splitters in Fig.4(a) by two
virtual beam splitters with the same transmittance (one
at each of the output port of the first beam splitter).
We will show that these two virtual beam splitters can
be further replaced by one as shown in Fig.4(b). More
specifically, we will show the two models in Fig.8 are
equivalent to each other.
For simplicity, we define the transmittance of the vir-
tual beam splitter as η = cos γ.
From Fig.8(a) and using the transmission relations of
lossless beam splitter, we have
Xˆ3 =
1√
2
cos γXˆ1 +
1√
2
cos γXˆ2 + sin γXˆ5
=
1√
2
cos γXˆ1 +
1√
2
√
1 + sin2 γXˆV 1 (A1)
where XˆV 1 =
cos γ√
1 + sin2 γ
Xˆ2 +
√
2 sin γ√
1 + sin2 γ
Xˆ5. Since
the inputs of mode 2 and mode 5 in Fig.8(a) are vac-
uum, the unitary transformation described above yields
another vacuum state. So XˆV 1 at the RHS of (A1) can
be interpreted as the X-quadrature of vacuum state.
Similarly, the P-quadrature of mode 4 in Fig.8(a) is
given by
Pˆ4 =
1√
2
cos γPˆ1 − 1√
2
cos γPˆ2 + sin γPˆ5
=
1√
2
cos γPˆ1 +
1√
2
√
1 + sin2 γPˆV 2 (A2)
where PˆV 2 = − cos γ√
1 + sin2 γ
Pˆ2 +
√
2 sin γ√
1 + sin2 γ
Pˆ6.
We can apply the same process in the model shown in
Fig.8(b) and have the following relations:
Xˆ3′ =
1√
2
cos γXˆ1 +
1√
2
sin γXˆ5′ +
1√
2
Xˆ2′
=
1√
2
cos γXˆ1 +
1√
2
√
1 + sin2 γXˆV 3 (A3)
where XˆV 3 =
sin γ√
1 + sin2 γ
Xˆ5′ +
1√
1 + sin2 γ
Xˆ2′
Pˆ4′ =
1√
2
cos γPˆ1 +
1√
2
sin γPˆ5′ − 1√
2
Pˆ2′
=
1√
2
cos γPˆ1 +
1√
2
√
1 + sin2 γPˆV 4 (A4)
where PˆV 4 =
sin γ√
1 + sin2 γ
Pˆ5′ − 1√
1 + sin2 γ
Pˆ2′ .
It is easy to show XV 1, PV 2, XV 3, PV 4 are independent
and identically distributed random variables. From (A1)-
(A4), the joint probability of X3 and P4 is the same as
that of X3′ and P4′ . So the two models given in Fig.8
are equivalent.
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